We present a simple Hamiltonian description of the dynamics of a quantized vortex ring in a trapped superfluid, compare this description with dynamical simulations, and characterize the dependence of the dynamics of the shape of the trap.
Topological excitations in superfluid systems have fascinated researchers for decades. Quantized vortices and quantized vortex rings in particular exhibit unusual and complicated dynamics that generally require complicated simulations. Sometimes one can treat such objects in a simplified manner as a particle with an unusual dispersion relation, allowing for a more intuitive understanding of the dynamics. Here we extend on a recent preprint by Pitaevskii [1] that attempts to provide a simple theoretical formalism describing the motion of a quantized vortex ring in a trapped superfluids. We correct several deficiencies in that description, and show how the corrected hydrodynamic theory explains aspects of the the Massachusetts Institute of Technology (MIT) experiment [2] that observes long-lived and slowly moving "heavy solitons." This complements the numerical explanation [3] which suggested that the experiment sees vortex rings: an idea supported by [4] [5] [6] .
We start with the kinetic energy E R , the linear momentum P , and the velocity v of a single vortex ring of radius R in an infinite medium (see [7] for a review):
The vortex has a core size a ∼ l coh which parameterizes the microscopic structure of the vortex, and winding κ = π /m. The spirit of Pitaevskii's model [1] is that for thin vortices in a large trap, the same relationships can be used where the number density n(R, Z) now depends on the position Z of the vortex ring. What is missing from his formulation, however, is the potential energy due to the trapping potential V ext (r). Within this framework, the correct energy dependence must be described by the sum of both kinetic and potential terms E = E R + V :
The second term, missing in Ref. [1] , is crucial for a correct description of the physics. It describes buoyancy: the change in energy of the system due to the position of the density depletion in the vortex core. We estimate the depletion as some fraction β ∼ 1 of the volume of an annular tube of radius R and cross-sectional area πa 2 , which must also be fit or calculated from a microscopic description. Pitaevskii [1] determines the radius and the position of the vortex ring from the energy conservation E(R, Z) = const, and the dynamics from the velocity (1c).
The importance of the missing potential term is clearly demonstrated by considering an incompressible superfluid liquid for which n(R, Z) = const. In this case, the formalism would assert that a vortex ring moves with constant velocity and constant radius, irrespective of the form of the external potential. It is the missing potential term that generates interesting dynamics: the depletion will give rise to a buoyant force (as with an air bubble in water) that induces perpendicular motion via the well-known Magnus relationship.
Another contribution neglected in [1] is due to boundary effects. In close proximity to a sharp surface -either a hard wall or the surface of a liquid -the velocity (1c) will be altered in a way that can be calculated by including appropriately located "image" vortices (see for example [8] ) that characterize the vanishing velocity at the boundary. In two-dimensions, for example, a vortex close to a hard wall will move along the wall as if in the presence of an antivortex located on the other side of the wall. The effects of sharp boundaries and surfaces may thus be included in the Hamiltonian formulation by adding these images to the energy (2), though care must be taken in locating these images to account for finite size effects as discussed in [9] . The Hamiltonian description (2) thus augmented with images acts as a "vortex filament model" [8] for vortex rings in an compressible fluid.
We proceed by considering the unitary Fermi gas (UFG) whose equation of state can be expressed in terms of the dimensionless Bertsch parameter ξ through the energy density E = tex core-size a = α/k F where α is of order unity. The contours of constant energy describing the motion of a trapped vortex ring are thus described by contours of
where n(R, Z), k F (R, Z), and V ext (R, Z) are local quantities and vary in space according to the Thomas-Fermi (TF) approximation ξε
The parameters α and β must be adjusted to describe the size and filling of the vortex core which must be determined from measurement or microscopic calculations: for the UFG they should be close to unity. We now consider vortex rings in a harmonic trap as were show in [3] as able to describe the MIT experiment [2] :
where we have used the notations of [1] with dimensionless coordinates Y = R/R ⊥ and X = Z/R z expressed in terms of the TF radii
The energy of a vortex ring may thus be expressed as E(R, Z) = (π 2 2 R ⊥ n 0 L/2m)f (Y, X) where L = ln(8R/ea) is approximately constant, but needs to be treated explicitly for quantitative results:
The resulting trajectories are shown in Fig. 1 where they are compared with both the results of Pitaevskii [1] and the full dynamical simulations of [3] . The second term of (6) arising from the potential is missing from Eq. (13) of Ref. [1] , but is somewhat small for the harmonically trapped UFG: for example, in the MIT experiment [2] , one has k F R ≈ 20, hence the coefficient is L ≈ 5, while 2ξα 2 β = O(1). This explains the qualitative behaviour of the results in [1] . On the other hand, for an incompressible liquid one must replace n 0 (1 − X 2 − Y 2 ) 3/2 with a constant n 0 and (6) becomes
where Y 2 (up to a multiplicative constant) is the momentum canonically conjugate to coordinate X: without the potential, the dynamics would completely incorrect.
Using Eq. (1b) and introducing the dimensionless time τ = t 2m/ R z R ⊥ , one can write the action for a vortex ring in trap (using non-canonical coordinates X and Y )
With the exception of a weak dependence through the logarithmic term L, it follows that the X(τ ), Y (τ ) coordinates the trajectories are independent on the shape and size of the cloud. Hence, the real period of oscillations is proportional to λ = R z /R ⊥ , consistent with the numerical results of Ref. [3] and seen in the experiment [2] . The dependence of the oscillation period on the vortex radius (T ∝ R up to logarithmic corrections, for fixed R z ) is thus in agreement with the estimate derived in Ref. [3] and disagreement with Ref. [1] , where it was determined that T ∝ R 2/3 . We acknowledge support under U.S. Department of Energy (DoE) Grants Nos. DE-FG02-97ER41014 and DE-FG02-00ER41132.
